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Abstract 

Using AdS/CFT correspondence, the effect of a'-correction on the value of 
Chiral Magnetic Effect (CME) is computed by adding a number of spinning 
probe D7-branes in the a'-corrected background. We show that although 
for the massive solutions the magnitude of CME increases in the presence of 
a'-correction, it does not change for the massless solution. However some of 
the D7-brane embeddings have no CME, after applying a'-correction, they 
find a non-zero value for the CME. As a result the number of solutions with 
a non-zero CME increases. We also show that the effect of a'-correction 
removes the singularity from some of the D7-brane embeddings. 
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1 Introduction 



A new phase of Quantum Chromodynamics (QCD) called Quark-Gluon plasma 
(QGP) is produced at Relativistic Heavy Ion Collider (RHIC) and Large 
Hadron Collider (LHC) by colliding two pancakes of heavy nuclei such as 
Gold or Lead at a relativistic speed. It was realized that the QGP is a 
strongly perfect fluid with very low value of the ratio of viscosity to entropy 
density, rj/s, where in order to describe it the perturbative methods are 
inapplicable. Different properties of the QGP such as rapid thermalization, 
elliptic flow, jet quenching parameter and quarkonium dissociation have been 
considerably studied [H El [3] . 

One of the interesting properties of QGP is the CME. The presence of 
a strong magnetic field in the very early stage of heavy ion collision exper- 
iments and its accompanying non-trivial gluon field configurations leads to 
the CME, which is the generation of an electric current along the strong 
magnetic field [H El El [71 Ej- In free massless QCD the CME can be de- 
scribed in the following way. This theory enjoys two global U (1) symmetries: 
vector symmetry, and axial symmetry, U{1)a- If we assume that the 

global vector symmetry preserves at quantum level, U{1)a will be anoma- 
lous. The axial charge associated to this symmetry, given by the difference 
between the number of fermions with left-handed and right-handed helicities, 
is proportional to winding number of the non-trivial gauge field provided that 
the left-handed and right-handed fermions are initially equal. The spin of 
fermions is tightly aligned along the strong magnetic field. For a non-zero 
winding number, in order to have a non-zero axial charge the momentum di- 
rection of some fermions depending on the sign of winding number must be 
altered. This phenomena leads to an electric current along the magnetic field, 
the CME. There are various ways to calculate this current in the literature 

iiEii. 

Consider an effective Lagrangian which includes the original QCD La- 
grangian and an extra term 9{t,x)F^^ F^^ where the form of extra term is 
fixed by the anomaly and 9{t, x) is a non-dynamical axion field |H]. Assuming 
a space-independent 6{t,x), which means 6{x,t) = 6{t), the time derivative 
of 6(t) can be identified by /is which is the axial chemical potential [8]. Using 
the effective Lagrangian the value of electric current is computed by [8] 

Since the QGP is a strongly coupled fluid, AdS/CFT correspondence seems 
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to be a suitable framework to describe the CME [H]. 

The AdS/CFT correspondence [TU] states that type IIB string theory 
on AdS^ X geometry, describing the near horizon geometry of a stack of 
Nc extremal D3-branes, is dual to the four- dimensional A/" = 4 super Yang- 
Milles (SYM) theory with gauge group SU{Nc). One of the most interesting 
properties of this correspondence is that it is a strong/ weak correspondence. 
In particular in the large Nc limit a strongly coupled SYM theory is dual to 
the type lib supergravity which provides a useful tool to study the strongly 
coupled regime of the SYM theory. This correspondence was also generalized 
to the thermal SYM. As a result a thermal SYM theory corresponds to 
the supergravity in an AdS-Schwarzschild background where SYM theory 
temperature is identified with the Hawking temperature of AdS black hole 

In the context of AdS / CFT correspondence matter fields in the fundamen- 
tal representation can be studied by introducing space filling flavor D7-branes 
in the probe limit [12] which means that the number of flavor D7-branes, Nf, 
are very smaller than the number of D3-branes. The open strings stretched 
between D3-branes and flavor D7-branes give rise to A/" = 2 hypermultiplet in 
the gauge theory side. Mass of the hypermultiplet is proportional to the sep- 
aration of D3- and D7-branes in transverse directions. This system, D3-D7 
system, is a famous candidate to describe QCD-like theories [13]. Different 
aspects of adding flavor D7-branes in different backgrounds have been stud- 
ied in the literature. Here we are interested in introducing D7-branes in the 
a'-corrected background to study the effect of higher order correction on the 
CME. 

The a'-correction has been studied in [H [151 HSl HH [HI [HI [20] . The main 
motivation to consider a'-correction comes from the fact that string theory 
contains higher derivative corrections arising from stringy effects. The lead- 
ing order correction in 1/A, where A is the t'Hooft coupling constant in gauge 
theory side, arises from stringy corrections to the low energy effective action 
of type lib supergravity, a'^TZ^. An understanding of how these computa- 
tions are affected by finite A correction is essential for precise theoretical 
predictions. 
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2 Review on Holographic CME 



Using D3-D7 system an interesting holographic description for the CME is 
introduced in [21]. Our aim in this section is to give a short review on this 
paper. In order to do that, we consider a supersymmetric intersection of Nc 
D3-branes and Nf probe D7-branes as 

0123456789 
D3 X X X X (2) 
Dl xxxxxxxx 

where the probe hmit means that ^ <^ 1. This configuration holographicly 
describes a A/" = 4 superconformal SU{Nc) Yang-Mills theory coupled to 
J\f = 2 hypermultiplet in the fundamental representation of the gauge group. 
5*0(6) symmetry in the transverse directions to the D3-branes corresponds to 
the R-symmetry of A/" = 4 SYM. D7-branes break this symmetry to 5*0(4) x 
f/(l) corresponding to the rotational symmetries in 4567 directions and 89- 
plane. The rotational symmetry in 89-plane which is dual to the f/(l)R 
subgroup of A/" = 2 R-symmetry, SU{2)fi x f/(l)i?, is identified by the axial 
symmetry, U{1)a- In QCD, U{1)a is anomalous and as we will see this 
anomaly in the gravity side derives from the Wess-Zumino (WZ) part of 
D7-brane action. 

The mass of A/" = 2 hypermultiplet is considered as a distance between 
D3- and D7-branes in the 89-plane. If this distance is zero the matter fields 
in fundamental representation are massless. Otherwise, one can define a 
complex mass, \m\e^'^, where |m| is proportional to the distance between D3- 
and D7-branes. 

In the large Nc and large t'Hooft coupling limit, A = Qym^c, the D3- 
branes are replaced by AdS^ x 5^ background which is dual to strongly 
coupled A/" = 4 SYM at zero temperature. At finite temperature they are 
replaced by y4(i5-Schwarzschild black hole where the Hawking temperature of 
AdS black hole is identified with the temperature of strongly coupled A/" = 4 
SYM. The y4o?5'-Schwarzschild metric in units of the AdS^ radius is 



ds = -\gtt\dt + Qxxdx + Qrrdr + QRndR + gssdsgs + g^p^dif 
_ 1 _ 1 

drr dRR "^'j Qss "^77 dvip ~~o y 
pZ p2 pZ 

\9tt\ = p Yli(J)j' " ^ Y^^^' 



(3) 
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where = + i?^ and 



/(P) = l-^, H{p) = l + y^. (4) 

In this coordinate, p is radial coordinate and horizon is always at p = 1. The 
Hawking temperature of black hole is given by T = ^. Notice that in this 
background there is also a four-form field 

C4 = p^Vol]R3,i -dip A Volss. (5) 

P 

In the probe limit the dynamics of D7-branes in the ArfS'-Schwarzschild 
background is described by Dirac-Born-Infeld (DBI) action and WZ action 

Sdbi = -NjTdj j d^^e-'*' ^ -det{gab + (27ra')i^ab), (g) 
Sws = ]^NfTD-j{2'Ka'f j P[C^] A F A F, 

where T^j = (27r) ''/^(/^ is the D7-brane tension and are worldvolume co- 
ordinates, gab = gMN^^^^^- is induced metric on the D7-branes and gMN 
was introduced in (JSj). Fab is the field strength of the gauge fields living on 
the D7-branes. We use static gauge which means that the D7-branes are 
extended along t,x,r,S^. P[Ci] is the pull-back of bulk four-form field to 
the worldvolume of D7-branes. 

In order to describe the CME, we expect a current caused by a magnetic 
field. We therefore consider appropriate filed configurations on the D7-branes 
as follows [21] 

^(r), B = F,y, R{r), ip{t,r) = ut + ^{r). (7) 

Using the AdS/CFT dictionary, dual operator coupled to Az{r) is and 
the expectation value of will describe the magnitude of CME in the gauge 
theory side. B is an external constant magnetic field. Here the axial chemical 
potential, ps, is described by u. In other words, the value of angular velocity 
of spining D7-branes in 89-plane is identified by the axial chemical potential 
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Inserting the above ansatz in the density action for the D7-branes 
becomes 



SDBi = -Ar I drg^J^'gli\ l + ^ 

~2 (8) 



X Y (Ifi'^l - 9^-^^'^){gTT + gRR R'"^ + g^'^'A'^) + \gtt\g^^ilj'' 

/4 
dr ^A'^, 
P 

where ' = and Af = . Taking the integral over the worldvolume 

of D7-branes we get the infinite volume of Minkowski space, Vr3,i, and the 
volume of 5*^. We absorb the volume of in A/" and define a density action 
as Sd7 = Notice that the WZ action is not zero and in fact it has the 

role of the anomaly in the gauge theory side. 

As is clear from ([8]), the action depends only on derivative of A^ and ijj 
and we therefore have two constants of motion i. e. 

6Sd7 

= a, 

dtp' 

0OD7 _ o 

~ ^' 

where a hat means that a Legendre-transformation has been applied. Ap- 
plying two Legendre-transformations with respect to V'' and A^, we have (see 
Appendix A) 

S^^ = -^ J rfrr2v^rT^v^^WKO^^c(7j2, (10) 



where 



«(^) = \gtt\- gi^^i^uj"^, 

\gtt\gi,i,gLgV '^^^^ 



Kr) = 1 , 

gxx 



Using the above action the equation of motion for R{r) can be derived. This 
equation is complicated to solve analytically and hence we use numerical 
method. 



6 



According to the AdS/CFT correspondence, for different fields leading 
and sub-leading terms in near boundary asymptotic expansion define a source 
for the dual operator and the expectation value of dual operator, respectively. 
For R{r) the leading term corresponds to the mass of the M = 2 fundamental 
matter and the sub-leading term is {Om) where Om is the dual operator to 
the mass, i.e. 

R{r) = \m\ + (12) 

In [21] it was obtained that the expectation values of dual operators to 
and are % 

{.r) = -(2W)/3, (13a) 
(O^) = a. (13b) 

Therefore /3, up to a constant, gives the value of CME in the gauge theory 
side. Also regarding to discussion about discrete spacetime symmetries, a is 
an order parameter of spontaneous CT symmetry breaking [21] . 

By requiring that the action (|T0|) must be real, two consistent options 
can be found [21]. The first one is when a(r) does not change sign between 
r — and r — oo. Regarding to a(r) > at infinity, reality condition of the 
action imposes a = and (3 = 0. From f ll3al) it is clearly seen that in this 
case there is no CME. The second option is when a(r) does change sign at 
r = i.e. 

a{n) = 0, (14) 
and again the reality condition imposes 

b{r,) = 0, c(n) = 0. (15) 

Hence (fT4|) and (fT5|) respectively lead to 

J 2g(p.) ui-'Rj 



13 = -(2wa'WBuij^^:^^^, (16c) 



^Note that the leading term in ip is tot and the leading term in can set to zero. 
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where i?* = R{r^) and pi = + R^. The equation fll6ap describes the 
worldvolume horizon on the D7-branes. We now compare various properties 
of different choices for a and /3 pTl . 



1. a ^ 0, /3 ^ 

According to fll3al) and (113bp . the CME exists and CT symmetry is 
broken. In this case the mass dependence of CME can be studied and 
as the red curve in Fig. [Upright) shows the value of CME goes to zero 
for sufficiently large m. 

2. a = 0, f3 ^0 

This solution describes a massless solution defined by R{r) = and 
(p = ojt. From fll3ap and fll6cl) . the value of CME is 



{.F) = {2na')UBuj = ^p,B (17) 
Here CT symmetry has been restored. 



3. a ^ 0, 13 = 

Imposing /3 = leads to a = and therefore there is no such a family 
of the solutions. 

4. a = 0, (3 = 

In this case the value of CME is zero and CT symmetry is restored. 

Before closing this section we would like to explain the numerical method 
for solving the equation of motion R{r). For doing that, we need two bound- 
ary conditions at a specific point. When a(r) > 0, as it was already men- 
tioned, we have a = P = 0. In this case we use the following boundary 
conditions. The first boundary condition is -R(O) = Rq which Rq must be 
always greater than p^,(r = 0), otherwise a(r) vanishes at r = r*. The sec- 
ond one is -R'(O) = which guarantees the regularity of D7-branes. In the 
case of a(r*) = 0, by choosing R^ and satisfying in f ll6al) . the values of 
a and /3 can be found by using fll6bp and fll6cl) . Then the first boundary 



condition is i?* = -R(r^.). Although the second boundary condition, R'{r^), 
can be obtained by using the equation of motion, it is numerically seen that 
the equation of motion for R{r) is insensitive to R'{r^). 
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3 a'-Corrected CME 



Since the AdS / CFT correspondence refers to the complete string theory one 
can consider stringy correction to the ten dimensional supergravity action. 
It is well-known that in extremal case the metric does not change [22] and 
hence the value of CME is still given by (1171) . But for non-extremal case 
the first order in the weakly curved type lib background occurs at 0{a'^) 
[23] which is dual to 0(A~2) in the gauge theory side. In this section we 
will study the effect of a'-correction on a, /3, the worldvolume horizon on 
D7-branes and R{r) corresponding to the different D7-brane embeddings in 
the ten dimensional a'-corrected background. 
The a'-corrected metric is [2^ 



(18) 



ds = Gttdt + Gxxdx + Guudu + Gssd ^5, 

dnl = de'^ + sin^ edip"^ + cos^ ednj, 

where the metric components are given hj {w = 

~Gu = u\l-w^)T{w), 
G^^ = u^X{w), 
G^^ = u-\l-w^)-'U{w), 
Gss = l + 2S{w), 



(19) 



and 



T{w) = 1 - k{75w' + - ^w'') + 0{e), 

lb lb 

X{w) = l-^w\l+w') + 0{e), 
lb 

U{w) = 1 + k{7bw' + Hl^t.^ - ^w'') + 0{k'), 

lb lb 



(20) 



1 

S{w) = ^w\l + w^) + 0{k^). 
The expansion parameter k in terms of the t'Hooft coupling constant is 

k = (21) 

8 

where ( is the Riemann zeta function. The correction in the t'Hooft coupling 
constant corresponds to the a'-correction on the gravity side. The corrected 
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metric has an event horizon a.t u = Uq. At large u the above geometry 
becomes AdS^ x S^. The Hawking temperature is now 

In the presence of a'-correction, the Dilaton filed is not a constant anymore 
and it depends on u as 

0H = -log^7. - -^{w' + -w' + -w'') + Oik'). (23) 

In order to get a suitable form of the metric we apply two successive 
changes of coordinate as 

u' = p\l + f,), (24) 

and 

r = p sin 6^, , , 

25) 

R = pcose. ^ ' 

The form of a'-corrected metric is finally given by 

ds^ = -\gtt\dt^ + Qxxdx^ + Qrvdr'^ + QRRdR^ + grRdrdR+ gssds%+ g^^dip^ (26) 

where its components up to second order of k ar^ 

I |_ 2 l^f\p) 5l'f{p)Ui{p) ,^ _AOrRlh{p)_ 
^ 2if(p) 2p^^H^p) ' ^'■^ p24 H6^pf^ 

g,,-p ^h{p) ^pUH^^pf^ ^^^~p2 + pl8^6(p)^' 

_1_ 15i^ VT(p) + 5r^[/2(p) _-R^ 15i?^T(p) 

_ 1 15i?V^(p) + 5r2f/2(p) 

Note that p^ = r'^ + R^, 

Ui{p) = 60 + 485p^ + 294p^ + 485p^^ + 60p^^ 
U^ip) = 60 + 475p^ - 2838p^ + A75p^^ + 60p^^ 
f/3(p) = 15 + 118p^ - 714p® + 118p^2 + 15p^^ 
T(p) = 1 + 6p^ + p^ 
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(27) 



(28) 



R(r) 

3,0 '— 




Figure 1: Numerical D7-brane embeddings for /c = (dashed curves) and 
k = 0.007 (continues curves) Green curves show the worldvolume horizon 
(5 = 1, a; = 1,7 = 1). 



and also 3p^T{p) + 4f/3(p) = U2{p). Now the density action for the D7- 
branes is 



Sdbi = -M j dre-fg'J'^l + ^g%' 

X \l i\gtt\ - g,p,puj'^){grr + qrr R'^ + QtrR' + g^'^'Af) + \gu\g^^i:''^, 

/4 

(29) 

where ([7j) has been used. Notice that the four-form field in the background 
and consequently Sws are not corrected [21]. Comparing with ([H]), the a'- 
corrected action has two extra terms. The first term is e~'^ which is not 
a constant anymore and the second one is gruR' ■ As before we have two 
constants of motion, i.e. a and /3. ip' and A'^ can be eliminated in favor of 

''in this coordinate 7 = mq. 
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a and /3 by two successive Legendre-transformations and the action finally 
becomes (1341) . Additional details can be found in Appendix A. Similar to 
previous section we numerically solve the equation of motion for i?(r) and 
the resulting solutions are shown in Fig. [TJ 

The position of a'-corrected worldvolume horizon on the D7-branes, p*, 
can be found by solving fl35ap . In Fig. [2|^right) we assume different values for 
k and plot the worldvolume horizon in terms of k. It is obviously seen that 
by increasing k the value of p* also increases. Moreover notice that -R(r* = 1) 
is zero for both worldvolume and AdS-Schwarzschild horizon meaning that 
these two horizons are coincidence at = 1 for small values of k. This fact 
can be obtained by using fl35ap . Setting i?* = we have 




Figure 2: (Left) The blue, continues curve shows a'-corrected case ik, = 
0.007). (Right) The worldvolume horizon on the D7-branes for different 
values of /c (5 = 1, a; = 1, 7 = 1) . 

Each point on the worldvolume horizon, to be more specific r* and i?*, 
fixes a specific value for a and /3. The red, dashed curve in Fig. [2](left) 
shows that for a given value of a one gets two /3s. In the simplest case ( 
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i.e. assuming a = 0) we find two options: r^, = or i?^, = (see ( ]16bp 
and f ll6cp ). The former describes a solution with /3 = and the latter is a 
massless solution. Therefore the minimum and maximum values of CME are 
given by a = 0. Since a ia equal to zero these solutions are CT invariant. 
Notice that in this figure the value of /3 was normalized to the value in f|T7|) . 
(I35bp and f l35cp show that the same argument is also true for the a'-corrected 
background (the continues, blue curve in the Fig. |2I^left)). 

Using the action ( 134|) one can compute the values of a and /3 and also 
the position of worldvolume horizon. The resulting expressions for a and 
the worldvolume horizon are so lengthy (see Appendix A) and hence we here 
explicitly state the value of /3 

4 

/3 = -UBuj^-. (31) 

p; 

The value of /3 does not explicitly depend on a'-correction. The reason is 
that the WZ term in the action is not affected by a'-correction. Since the 
position of worldvolume horizon varies, the magnitude of /3 also changes. As 
is clear from Fig. [Upright) the value of CME, (J^) = — (27r«')/3, increases by 
a'-correction for the massive solutions. Note that as it was discussed in ( 130|1 
this value dose not vary for the massless solutions. 

At finite temperature the various embeddings of D7-branes can classify 
into three groups. The Minkowski embeddings are those embeddings where 
the probe D7- branes close off above the horizon. In other words, the part 
of D7-branes shrinks to zero at an arbitrary value ps = -R(O) > 1. Also ps 
can be bigger than the value of worldvolume horizon on the D7-brane, i.e. 
Ps > p*. This group of embeddings is called Minkowski embeddings without 
horizon In this case a and /3 are equal to zero and there is no CME. 

Conversely if ps < p*, the solutions are called Minkowski embeddings with 
horizon. The third group is black hole embeddings [251 [26]. this group the 
5*^ part of D7-branes shrinks but does not reach zero size for ps > 1- These 
three groups are shown in Fig. [T]by red, black and blue curves respectively. 
Green curves shows the worldvolume horizon in this figure. The continues 
curves are shown the a'-corrected embeddings of D7-branes. As is clear from 
Fig. [H for the Minkowski embeddings with horizon -R'(O) is not zero and 
therefore such D7-branes have conical singularity (for more detail see [21]). 

In Fig. int^left) the red, dashed curve shows a Minkowski embedding with- 
out horizon for a specified value of m when the correction is not considered 
and the value of CME is clearly zero for this embedding. An interesting result 
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R(r) R{r) 




Figure 3: (Left) In the case of m = 2.037, a Minkowski embedding without 
horizon for k = modifies to a Minkowski embedding with horizon for k = 
0.007. This happens for a range of masses between m = 2.028 and m = 2.038. 
(Right) A Minkowski embedding with horizon for k = modifies to a black 
hole embedding for k = 0.007 when the value of m is fixed by 1.912. It 
happens for a range of masses between m = 1.907 and m = 1.919 {B = 1, 
w = 1, 7 = !)• 



is that in the presence of a'-correction the embedding becomes a Minkowski 
embedding with horizon (the blue, continuous curve) for the same value of 
mass and therefore we have a non-zero value for the CME. In other words, 
although before applying a'-correction a(r) is always bigger than zero for 
the all values of r, after including a'-correction it becomes zero at r = r* 
after including a'-correction and then a worldvolume horizon appears. Sim- 
ilarly Fig. ini^right) shows that a Minkowski embedding with horizon (the 
red, dashed curve) modifies to a black hole embedding (the blue, continuous 
curve) and as a result the conical singularity is disappeared by the effect of 
a'-correction. Shortly, the number of D7-brane embeddings, which gives a 
non-zero value for the CME, increases in the presence of a'-correction. 

For non-zero values of B and \m\, Fig. m^left) shows that for a given 
value of the magnetic field there is a maximum value for the mass, mmax- 
The region with m < mmax (the hatched region) is described by black hole 
embeddings and the value of CME is non-zero in this region. For m > 
rrimax (the region shaded with vertical lines) Minkowski embeddings without 
horizon exist and hence (J^) = 0. As is clear from Fig. HJ^left) the a'- 
correction increases the value of mmax- Similarly there is a Bmax for a given 
value of m and for B < Bmax, {J^) 7^ 0. The a'-correction also increases the 
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Figure 4: (Left) Various embeddings of D7-branes in B — m/fi^ plot. (Right) 
The value of (J^) as a function of m/fi^. The blue, continues curve shows 
the a'-corrected case. 



value of B„^ax■ 

The value of equation f l3T]) can numerically evaluate. The corresponding 
plot is presented in FigHJ^right). In the massless limit the magnitude of CME, 
normalized to the value in equation ( fT7|) . has a maximum value and then by 
increasing m the value of CME decreases and reaches zero at m = rrimax- 
The continues, blue curve corresponds to a'-corrected case. 



4 Conclusion 

Our results can be summarized as follows. 

• The main result is that the value of CME always increases in the pres- 
ence of a'-correction for massive solutions. In the case of massless 
solution this value does not change. 

• A family of D7-brane embeddings, Minkowski emmbeddings without 
horizon, describes solutions with no CME. The a'-correction modifies 
these embeddings to the Minkowski emmbeddings with horizon where 
the value of CME is not zero anymore. In other words, the embeddings 
can be changed by the effect of a'-correction. It is important to notice 
that this happens for a range of masses. 

• Similarly, the Minkowki embeddings with horizon are modified to the 
black hole embeddings for a range of masses in presence of the 
correction. In this case both embeddings have a non-zero value for the 
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CME. But the singularity of Minkowski embeddings with horizon is 
disappeared by the effect of a'-correction. 
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Appendix A 

In order to find the equation of motion for R{r), we apply two successive 
Legendre-transformations. The first Legendre-transformation is 

Sd7 = Sd7- I dr/-^- (32) 

where Sdi is given by ( 129|) . Swz does not depend on the ijj and hence ( 132|) 
can be written as 

Sdbi = Sdbi - J drip' (33) 



'9rr + 9RR R'^ + 9rRR' + 9'''' A'^ \ 1 



fi2 a^/M2 
9lx \9tt\9i:i:9xx9V 



where a is introduced in ([9]). The second Legendre-transformation with 
respect to A'^ is 

^Dr = Sd7- [dvA'f-^ (34) 



-A/" J dr^Jg„ + gRRR'"^ + QtrR' 



'9tx9is i\9tt\ - g^^^n U + — - 1 — \ ^TY ]~3xx\Y-r + — — ■ 

V 9L \9ttm^gtx9is J P J 
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13 = ^ and double hat means that the second Legendre transformation 
has been apphed. Using ( 134|) the equation of motion for R{r) can be easily 
found and a similar analysis leading to ( fT6l) reduces to 



2 H{p,) 



5k 



f{p.?UM^?>u'RlT{p,) 



Hip, 



Hip, 



(3 = -MB, 



Pf 



a = ~rl-i^R,fip,)Hip, 



V 



I'ptHip.)' 



X 1 + 



15A; T(p* 

WhW) 



5k Uiip, 
PfHip,) 



(35a) 



(35b) 
(35c) 
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